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An analytical solution o) the nonlinear nonstationary problem of the separation of two-component mixtures 
with constant feed, removal, and dumping rates is obtatned. 

A great number  of works (see, e.g., [1 ] and literature cited therein) have been devoted to nonstationary 

problems of the separation of binary mixtures. The regimes of the functioning of single cascades without feed are 

mainly studied in these works. This paper considers the nonstationary problem of the separation of a binary mixture 

in a single cascade with constant feed, removal, and dumping rates. A diagram of the considered cascade is given 

in Fig. I. 

The process of the separation of binary mixtures in this cascade is described by the system of nonlinear 

equations 

eci 0 loci ] (1) 
-aT = ~ [.~--8- - 2br (1 - c 3  - 2K,~:~ 

i =  1,  

under the initial and boundary, conditions 

I Oc i 

0 < 4 < 1 ,  i = 2 ,  - ~ 2 < 4 < 0 ,  

ci (4 ,  O) = c o , 

+ 2bc i(1 - ci) 1 = 0 (41 = - 1), 
.J = -~i 

c 1 (0 ,  r )  - c 2 (0 ,  r )  = c ' ,  
(2)  

I OCl 1 - - O~ + 2bQ (1 - Cl) + 2,vlc I ~=o 

Oc~ ] 
_ _ = J c  F 0-~ + 2bc2 (1 - %) + 2x2c 2 ~=o 

where, according to [2, 3 ], the following dimensionless variables are introduced 

I~ L~ t x H L 1 a iL 1 FL 1 (3) 
r -  K ' 4 =~11 '  b -  2K ' x i -  2K ' J -  K " 

As usual, hydrodynamic  processes in the system are considered to be stationary; consequently, 

2 (x I - x2) = .t.  (4) 
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Fig. I. Diagram of a single cascade with external flows 

The condition of the existence of the stationary state yields 

2xlc I (1, ~) - 2x2c 2 ( -  ~2, ~)  - ]cF = O. (5) 

To linearize the initial problem we apply the Cowl-Hopf  transform [2 ] 

c i=~-~ b + x  i + ~  (6) 

to system (1)-(2). Then, allowing for the fact that the stationary solution for the relatively new function tlJ(~, r) 

corresponds to the solution of the formulated problem, we obtain with due regard for (5) 

R 

w'~ = w~,~ - poiW , % (r o) = exp (Bg),  (7) 

where 

B i= 2bc O -  b - x . i ;  Poi= (b+xi )  2 -  4xibc(-~i ,  oo) > O, a= 2bc* + x  2 - x  1. (10) 

The conditions of joining (9) are written in the form 

W l (0, r) =AW 2 ( 0 ' r ) ,  Wl~(0, r) = A (W~(0,  r) + aW2g(O,r)), 
(11) 

W'I, (0, r) = AW2r (0, T), 

here A is an arbitrary constant. 
System (7)-(11) will be solved by the Laplace transform 

F i (~, p) = ~ exp ( -  pr) q/i (~' r) dr .  
0 
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Allowing for the initial and boundary conditions at the ends of the casca..,: for the Laplace transform, we obtain 

Fi (~, p) = Di f i  (~) + di (~),  (12) 

fi  (~) = (Pi + It2 - b~) sh ~ (~ + ~i) - z ~  ch ~ (~ + ~ ) ,  

di (~) - 
exp (Bi~)  B 2 + 2riB i + x 2 - b 2 

Pi -- B~ (Pi + K~ - b~) (Pi - B~) exp ( -  B i ~i) ch ~ p /  (~ + ~i) ,  

(13) 

Pi = P + Poi. 

To determine D i and A, we substitute (12) into conditions of joining (11) and obtain the system of algebraic 
equations 

D l f  I (0) + d l (0) = A (D 2 f2 (0) + d 2 (0)) ,  

D l f  I' (0) + d l  (0) = A (D 2f2 (0) + d' 2 (0)) + a.A (D 2]'2 (0) + d 2 (0)) ,  

A = I  

and finally for Fi( ~, p) we have 

1 { Lf2 (0) d~ (0) - f2 (0) d 2 (0) ] fl (~) - -  ~ (~, p) = 

- / 2  (0) l/~ (~) d~ (0) - / ( ( 0 )  d~ (~) l + 

+ (f~(0) + a/2(0))  brl ($) d I (0) - fl (0) d I (~)l} 
(~, P) 

- a Go) 
(14) 

l{ 
F2(~ 'P )  = 6 - ~  - Lfl (0) d' 1 ( 0 ) - f l ' ( 0 ) d  1 (0) 11"2(~) + 

+ ft (0) [/2 (s ~) d'2 (0) - .f~ (0) d 2 (~)1 + 

,0 2 (~, p)  
+ ( - f l ' ( o )  + af  I (0)) L f 2 ( ~ ) d 2 ( 0 ) - f 2 ( 0 ) d  2(~)1 - 6 ( p )  ' 

fi  (O) d i. (O) - fi' (O) d i (O) = Pi - B~ (Pi + x~ - b 2) B i ch ~ ~il + 

+ 2r i (Y~p/ sh Xl~p i ~i - Bi ch ~ ~i) + (B~ + 2riB i + ~ - b 2) exp ( -  B i ~ i ) t ,  

/i (~) d'~ (0) - / / ( 0 )  di (8) = 

- exp (B i ~) ch Vr-~pi ~i) + 

+ 2~; (r exp (Bi ~) sh ~ ~i - Bi ch ~ (~ + ~,.)) + 
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+ (B~ + ?.riB, + ~c~ - b 2) exp ( -  B,~i)ch V~p i $ t '  05)  

li (~) d~ (0) - L- (0) d~ ($) = 

1 {  (sh ~-ffiPi ('i + ') exp (Bi')ch vr-~Pi'i I 

+ 2K i (exp (B i ~) ch v~p i ~i - ch ~ (~ + ~i)) - 

s h % ~  
-- (B2i + 2x.iB i + ~ - b 2) exp ( -  B i ~i) 

(o) = f ( ( o )  f2 (o) - f l  (o) f~ (o) - all (0) f2 (0) .  

An analysis of expressions (14) shows that they possess an infinite set of poles, which are determined by 
solution of the transcendental equation 

,~ (p.) = 0,  (16) 

w h e r e p 0 = 0 ,  Pn < 0 ,  n =  1 , 2 .  
The presence of a zeroth root, which determines the stationary solution of the formulated problem, is a 

condition for a stationary limit of the first relation of joining at the feed point, i.e., the equation 

(0) I - ,~ = 0 

R 

fl' (0) 
(0) = ~ p=0 /2 (0) .p=o 

is a condition of joining for the stationary case. 
The functions Fi($, p) are ratios of generalized polynomials; therefore, performing the inverse Laplace 

transformation and applying the theory of residues, we obtain for the concentration 

7 -  ~ (~' P.) exp 
c~ (~, r) = ~ b + ~i + - - - - - ~ - - -  . (17) 

n~=0 ~ - - ~  ~'~ (~, Pn) exp (PnZ) J 

The stationary solution of the formulated problem has the form 

1 
where ci(-~i, oo) are found from the following system of transcendental equations: 

2KlC 1 ( | ,  oo) -- 2K2C 2 ( - -  ~2, oo) -- j c F  = O, 

2 
- -  (pol + ~q - b2) + ~ l  ~ th ~/pot  + 

' /pot  
(Pot + r~ - b 2) th ~/Pot + 2"x1 ~/Pot 
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(P02 + x~ - b 2) - 2r 2 P'~f~02 th ~/P02r 
+ ~/P02 + a = 0 .  (19) 

(P02 + /r -- b2) th X / P02~2 - 2~2 ~/P02 

Thus, obtained relations (17) allow one to study the dynamic characteristics of the separation process in 

a single cascade as functions of the rates of feed, removal, and dumping, the initial concentration, and the lengths 

of the removal and dumping sections. The developed technique can be used to design a cascade with a variable 

cross-section. These problems will be considered in future works. 

N O T A T I O N  

c, concentration; /~, mass of substance per unit of column length; H, K, coefficients of transfer; C F, 

concentration of substance in feed flow; c ~ constant depending on composition of feed flow and on mixing process 

of feed and circulation flows; LI, length of removal section; L2, length of damping section, F, feed flow; oi,  removal 

flow; o2, dumping flow. 
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